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BUSEMANN FUNCTIONS ON THE WASSERSTEIN SPACE
GUOMIN ZHU, WEN-LONG LI, AND XIAOJUN CUI
Abstract. We study rays and co-rays in the Wasserstein space Pp(X ) (p > 1)
whose ambient space X is a complete, separable, non-compact, locally compact
length space. We show that rays in the Wasserstein space can be represented as
probability measures concentrated on the set of rays in the ambient space. We
show the existence of co-rays for any prescribed initial probability measure.
We introduce Busemann functions on the Wasserstein space and show that
co-rays are negative gradient lines in some sense.
1. Introduction
The Wasserstein distance plays an important role in optimal transport theory
[2, 22, 24] and shows its advantages in numerous topics such as mean-field games [11]
and machine learning [3]. Given an ambient space X which is a Polish space, namely
complete separable metric space, the Wasserstein space Pp(X ) consisting of Borel
probability measures on X with finite p-moment is also Polish [24, Theorem 6.18].
Besides, if X is a length (resp. geodesic) space, then Pp(X ) is also a length (resp.
geodesic) space [19]. Lisini [19] also characterized geodesics in the Wasserstein space
as Borel probability measures on C([0, T ];X ) concentrated on the set of geodesics
in X .
Busemann functions, introduced by Busemann [10], are powerful tools for study-
ing the topology and geometry of some kinds of non-compact spaces. For example,
Cheeger and Gromoll [12] used them to prove the celebrated splitting theorem for
manifolds of nonnegative Ricci curvature. Bangert [4] investigated the dynamics
on a Riemannian 2-torus by means of Busemann functions on the covering space.
For more applications of Busemann functions, we refer to [5, 6, 17, 21, 23]. Fur-
thermore the Busemann function has been introduced into the study of Lorentzian
geometry [7, 16, 18]. Also, on a non-compact complete Riemannian manifold, they
are viscosity solutions to the Eikonal equation (see [14]).
The aim of this paper is to extend Busemann functions to the Wasserstein space
and thereby to get similar results as in the conventional case. In a metric space
(Y, d), a ray is a curve γ ∈ C(R+;Y) satisfying d(γs, γt) = |s − t|d(γ0, γ1) for any
s, t ≥ 0 where kγ := d(γ0, γ1) is called the speed of γ. Another ray γ˜ is said to be
a co-ray from p to γ if it is the limit of a sequence {ζn} as n → ∞, where ζn is a
geodesic connecting pn and γtn with p
n → p and tn → +∞. Usually a Busemann
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function is determined by a ray. As a preparation we give a characterization of
rays in the Wasserstein space, that is, every ray in Pp(X ) can be represented by
a random ray in X . The main ingredient in the study of Busemann functions is
co-ray. A common method to show the existence of co-rays is selecting a sequence
of geodesics with some good properties which by Ascoli’s theorem admits a sub-
sequence converging to a co-ray. In the case of Pp(X ), the essential difficulty lies
in the absence of local compactness: any non-compact Wasserstein space can not
be locally compact [2, Remark 7.1.9]. Meanwhile this fact implies that a Wasser-
stein space is not a G-space on which the Busemann function is initially defined,
because G-spaces are finitely compact i.e., every bounded infinity set has at least
one accumulation point.
Without local compactness, our approach consists of two steps. First we con-
struct probability measures Πn on C(R+;X ) representing the geodesics ζ
n. The
sequence {Πn} admits some accumulation points in the sense of weak convergence if
it is confirmed to be tight. Then we show that time sections of the weak convergent
subsequences are actually uniformly integrable, which means that the associated
geodesics are convergent pointwisely with respect to the Wasserstein distance Wp.
With the assumptions of p > 1 and X to be a complete, separable, non-compact,
locally compact length space, main results of this paper are stated as follows.
Theorem 1.1. Each point in Pp(X ) is the origin of at least one unit-speed ray.
X is called non-branching if any geodesic ζ : [a, b] → X is uniquely determined
by its restriction to a nontrivial time-interval.
Theorem 1.2. Let (µt)t≥0 be a unit-speed ray in Pp(X ).
(i) For any ν0 ∈ Pp(X ), there exists at least one co-ray from ν0 to (µt)t≥0;
(ii) Moreover if X is non-branching, let (νt)t≥0 be one of the co-rays, then for any
τ > 0 the subray (νt+τ )t≥0 is the unique co-ray from ντ to (µt)t≥0.
For a unit-speed ray (µt)t≥0 in Pp(X ), the Busemann function
bµ(ν) = lim
t→+∞
[Wp(ν, µt)− t]
is well defined on Pp(X ).
Theorem 1.3. Let (µt)t≥0 and (νt)t≥0 be two unit-speed rays in Pp(X ). Assume
X is non-branching, then (νt)t≥0 is a co-ray from ν0 to (µt)t≥0 if and only if
bµ(νt)− bµ(νs) = s− t
holds for any s, t ≥ 0.
This paper is organized as follows. Section 2 presents some preliminaries. In
Section 3 we study the structure of rays in the Wasserstein space. More precisely,
we show that each ray can be represented as a probability measure concentrated on
the set of rays in the ambient space X . Section 4 presents the existence of co-rays in
Pp(X ) and thus Theorem 1.1 and Theorem 1.2 (i) are proved. To prove a sequence
of geodesic is compact in the pointwise convergence topology with respect to Wp,
the key point is to show the uniformly integrability of the projections at any fixed
time t ≥ 0. In Section 5 we define the Busemann function on the Wasserstein space
and obtain some analogue fundamental properties to the conventional case. The
proofs of Theorem 1.2 (ii) and Theorem 1.3 are completed in this section.
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2. Preliminaries
2.1. Convergence in the Wasserstein space. Let (X , d) be a Polish space.
For p ≥ 1, the Wasserstein space Pp(X ) of order p is the set of Borel probability
measures with finite p-moments, i.e.,
Pp(X ) =
{
µ ∈ P (X )
∣∣∣∣
∫
X
d(x0, x)
pdµ(x) < +∞
}
,
where x0 ∈ X is fixed. This space does not depend on the choice of x0. Given µ,
ν ∈ Pp(X ), we denote by Π(µ, ν) the set of Borel probability measure on X × X
whose marginals are µ and ν respectively. Elements in Π(µ, ν) are called couplings
of (µ, ν). The Wasserstein distance of order p between µ and ν is defined by
(2.1) Wp(µ, ν) =
(
min
pi∈Π(µ,ν)
∫
X
d(x, y)pdpi(x, y)
)1/p
.
A coupling pi is said to be optimal if it achieves the minimum.
The space C([0, T ];X ) of continuous curves in X equipped with the metric ρ
T
is a Polish space, where
ρ
T
(α, β) = sup
0≤t≤T
d(α(t), β(t)), for α, β ∈ C([0, T ];X ).
For α, β ∈ C(R+;X ), we define
ρ(α, β) =
∑
N∈N
2−N
ρ
N
(α, β)
1 + ρ
N
(α, β)
.
Then (C(R+;X ), ρ) is also a Polish space [25].
Let P (X ) denote the set of Borel probability measures on X . The support of
µ ∈ P (X ) defined by
(2.2) suppµ = {x ∈ X| µ(Br(x)) > 0 for r > 0}
is the smallest closed set on which µ is concentrated. We say that a sequence
{µn} ⊂ P (X ) converges weakly to µ ∈ P (X ), denoted by µn ⇒ µ, if
(2.3) lim
n→∞
∫
X
f(x)dµn(x) =
∫
X
f(x)dµ(x)
for every bounded continuous function f on X .
Proposition 2.1 ([2, Proposition 5.1.8]). If {µn} ⊂ P (X ) converges weakly to
µ ∈ P (X ), then for any x ∈ suppµ there exists a sequence xn ∈ suppµn such that
lim
n→∞
xn = x.
S ⊂ P (X ) is said to be tight if for any ε > 0, there exists a compact set Kε ⊂ X
such that µ[Kε] > 1 − ε for every µ ∈ P (X ). Every single probability measure on
a Polish space is itself tight (see e.g. [8, Theorem 1.3]). The following theorem
indicates why the tightness makes sense.
Theorem 2.2 (Prokhorov). Let X be a Polish space. S ⊂ P (X ) is tight if and
only if it is relatively compact in P (X ).
There is a tightness criterion for a sequence of probability measures on the space
C(R+;X ).
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Theorem 2.3 ([25, Theorem 4]). Let {Pn} be a sequence of probability measures
on C(R+;X ). Then {P
n} is tight if and only if these two conditions hold:
(i) For each t ≥ 0 and η > 0, there exists a compact set Kt in X such that
Pn{x ∈ C(R+;X )| x(t) ∈ Kt} > 1− η, for any n ≥ 1.
(ii) For each j ≥ 1 and ε, η > 0, there exists a δ ∈ (0, 1), and an n0 ∈ N such
that
Pn{x ∈ C(R+;X )| w
j
x(δ) ≥ ε} ≤ η, for any n ≥ n0,
where wjx(δ) = sup
0≤s,t≤j
|s−t|<δ
d(x(s), x(t)).
The next theorem provides a more effective description of the convergence with
respect to the Wasserstein distance.
Theorem 2.4 ([2, Theorem 7.1.5]). Let (X , d) be a Polish space and p ≥ 1. Let
{µn}n∈N ⊂ Pp(X ) and µ ∈ Pp(X ), then the following statements are equivalent:
(i) for some x0 ∈ X , µ
n ⇒ µ and
lim
R→∞
lim sup
n→∞
∫
d(x0,x)≥R
d(x0, x)
pdµn(x) = 0;
(ii) Wp(µ
n, µ)→ 0 as n→∞.
2.2. Geodesics in the Wasserstein space. Let (Y, d) be a metric space. The
length of a continuous curve ζ : [a, b]→ Y is defined by
(2.4) L(ζ) = sup
N∈N
sup
a=t0<t1<···<tN=b
N−1∑
i=0
d(ζti , ζti+1).
(Y, d) is said to be a length space if for any x, y ∈ Y,
(2.5) d(x, y) = inf
ζ∈C([0,1];Y)
{L(ζ)| ζ0 = x, ζ1 = y}.
Y is a geodesic space if the infimum in equation (2.5) is attainable for any x, y ∈ Y.
ζ is called a constant-speed minimizing geodesic segment if
(2.6) d(ζs, ζt) =
|t− s|
b− a
d(ζa, ζb) for any s, t ∈ [a, b].
For convenience, throughout this paper we use the single word “geodesic” instead.
The next statement is a straight corollary to [24, Corollary 7.22] via simple repa-
rameterization. This conclusion is twofold: The Wasserstein space over a complete
separable locally compact length space is a geodesic space; Geodesics in such a
Wasserstein space can be considered as probability measures concentrated on the
set of geodesics in the ambient space.
Proposition 2.5. Let p > 1 and let (X , d) be a complete separable, locally compact
length space. Given µ, ν ∈ Pp(X ), let L =Wp(µ, ν). Then for any continuous curve
(µt)0≤t≤L in P (X ) with µ0 = µ, µL = ν, the following properties are equivalent:
(i) µt is the law of ζt, where ζ : [0, L] → X is a random geodesic such that
(ζ
0
, ζ
L
) is an optimal coupling;
(ii) (µt)0≤t≤L is a unit-speed geodesic in the space Pp(X ).
Moreover, for any given µ, ν ∈ Pp(X ), there exists at least one such curve. We
denote by T (µ, ν) the set of unit-speed geodesics from µ to ν.
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Let f : Y1 → Y2 be a Borel map between Polish spaces, and λ be a Borel measure
on Y1. The push-forward of λ, denoted by f#λ, is defined by (f#λ)[A] = λ[f
−1(A)]
for any Borel subset A. In the case of Proposition 2.5, let Π be the law of ζ, then
µt = (et)#Π where et : ζ 7→ ζt be the canonical projection. Besides, this work
naturally prompts us to study rays in the Wasserstein space.
3. Characterization of rays in the Wasserstein space
In the rest of this paper, we always assume that (X , d) is a complete, separable
non-compact, locally compact length space and the order p > 1. Recall that a ray
in X is a curve γ ∈ C(R+;X ) satisfying
(3.1) d(γs, γt) = |t− s|d(γ0, γ1) for any s, t ≥ 0,
where kγ = d(γ0, γ1) is called the speed of γ.
Lemma 3.1. Let Γ be the set of rays in X , then Γ is closed in (C(R+;X ), ρ). As
a consequence, (Γ, ρ) is a Polish space.
Proof. Let {γn} be a Cauchy sequence of Γ, then there exists a γ : R+ → X
such that ρ(γn, γ) → 0. Denote k = lim
n→∞
d(γn0 , γ
n
1 ). The limit exists since
lim
n→∞
d(γnt , γt) = 0 for any t ≥ 0. For any t1, t2 ≥ 0,
(3.2) |d(γnt1 , γ
n
t2)− k|t1 − t2|| = |t1 − t2||d(γ
n
0 , γ
n
1 )− k| → 0.
By the triangle inequality,
|d(γt1 , γt2)− d(γ
n
t1 , γ
n
t2)| = |d(γt1 , γt2)− d(γ
n
t1 , γ
n
t2)|
≤ d(γnt1 , γt1) + d(γ
n
t2 , γt2)→ 0.(3.3)
Combining (3.2) and (3.3), we have |d(γt1 , γt2)−k|t1− t2|| = 0, then the conclusion
follows. 
As shown in Proposition 2.5, if geodesics in Pp(X ) do not share the same lengths,
then their corresponding random curves are defined on different time intervals. So
we introduce the mapping ET : C([0, T ];X )→ C(R+;X ) by
(ET (ζ))s = ζmin{s,T}, s ≥ 0
in order to extend their sample paths onto the common space C(R+;X ).
Definition 3.2. Let (µt)0≤t≤L be a geodesic in Pp(X ) and pi be a probability
measure on C([0, L];X ) such that µt = (et)#pi for 0 ≤ t ≤ L. The probability
measure (EL)#pi on C(R+;X ) is called a lifting of the geodesic.
It can be seen from Proposition 2.5 that each geodesic in Pp(X ) admits a lifting.
Lemma 3.3. For µ, ν ∈ Pp(X ), let pi be an optimal coupling. Then for R > 0,
(3.4) pi{(x, y)| d(x, y) > R} ≤
[
Wp(µ, ν)
R
]p
.
Proof. Given R > 0, by the definition of Wp,∫
d(x,y)>R
Rpdpi(x, y) ≤
∫
d(x,y)>R
d(x, y)pdpi(x, y)
≤
∫
X×X
d(x, y)pdpi(x, y)
= W pp (µ, ν).
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So we obtain the inequality (3.4). 
Theorem 3.4. Let {νn} and {µn} be sequences in Pp(X ) such that {ν
n} is tight
and Ln := Wp(µ
n, νn) → +∞. For each n, let Πn be a lifting of an element in
T (νn, µn), then {Πn} is tight.
Proof. Let νnt = (et)#Π
n for t ≤ Ln. Fix an arbitrary t > 0.
(i) Given any η > 0, there exists an N such that Ln ≥ t for n > N . Recall that
each single probability measure on a Polish space is tight. For n ≤ N , there exists
a compact set Knt such that
(3.5) Πn{γn ∈ C(R+;X )| γ
n
t ∈ K
n
t } = ν
n
t [K
n
t ] > 1−
η
2N
.
While for n > N , by the tightness of {νn0 } there exists a constant D0 such that
(3.6) Πn{γn| d(γn0 , x0) > D0} = ν
n
0 {x| d(x, x0) > D0} <
η
4
.
By Proposition 2.5, for each n ∈ N, pin := (e0, eLn)#Π
n is an optimal coupling of
(νn, µn). By Lemma 3.3,
(3.7) Πn{γn| d(γn0 , γ
n
t ) > R} = pi
n{(x, y)| d(x, y) > R} ≤
(
t
R
)p
.
For Dt ≥ t(4/η)
1/p +D0, from (3.6) and (3.7) we have
Πn{γn| d(γnt , x0) > Dt}
≤ Πn{γn| d(γn0 , x0) > D0}+Π
n{γn| d(γn0 , x0) ≤ D0, d(γ
n
0 , γ
n
t ) > Dt −D0}
≤ Πn{γn| d(γn0 , x0) > D0}+Π
n{γn| d(γn0 , γ
n
t ) > Dt −D0}
≤
η
4
+
(
t
Dt −D0
)p
≤
η
2
,
which means there is a compact set Kt = {x| d(x, x0) ≤ Dt} ∪
N⋂
i=1
Kit such that
(3.8) Πn{γn| γn ∈ Kt} > 1− η.
(ii) For any fixed j ≥ 1, by Definition 3.2, for n > j the curves (νnt )0≤t≤j are
geodesics in Pp(X ). For any fixed ε, η > 0, let δ < εη
1/p, then
(3.9) Πn{γn| wjγn(δ) > ε} = Π
n

γ
n
∣∣∣∣∣∣∣
sup
0≤s,t≤j
|s−t|<δ
d(γns , γ
n
t ) > ε

 ≤
(
δ
ε
)p
< η
by using Lemma 3.3 again.
Hence the tightness of {Πn} follows from Theorem 2.3. 
Now we are able to characterize rays in Pp(X ).
Corollary 3.5. The following statements are equivalent:
(i) (µt)t≥0 is a ray in Pp(X );
(ii) For any t1, t2 with 0 ≤ t1 < t2, (µt)t1≤t≤t2 is a geodesic;
(iii) µt is the law of γt, where γ is a random ray such that (γt1 , γt2) is an optimal
coupling for any t1, t2 with 0 ≤ t1 < t2.
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Proof. (i) and (ii) are equivalent by the definition of ray and (iii)⇒(ii) is obvious.
(ii)⇒(iii). For j ∈ N, let Πj be a lifting of (µt)0≤t≤j and
Γj = {ζ ∈ C([0, j];X )| ζ is a geodesic}.
By Proposition 2.5, Πj is concentrated on Ej(Γ
j) such that (e0, ej)#Π
j is an
optimal coupling. By Theorem 3.4 and Theorem 2.2, it admits a subsequence {Πj
′
}
which converges weakly to some measure Π on C(R+;X ). For any γ ∈ suppΠ , by
Proposition 2.1, there exists ζj
′
∈ Ej′ (Γ
j′ ) with
(3.10) lim
j′→∞
ρ(ζj
′
, γ) = 0.
For any 0 ≤ s1 < s2, choose T ≥ max{1, s2}, then (3.10) implies
(3.11) d(ζj
′
s , γs)→ 0 for any s ∈ [0, T ].
Notice that d(ζj
′
s1 , ζ
j′
s2) = (s2 − s1)d(ζ
j′
0 , ζ
j′
1 ) when j
′ > T . (3.11) yields
(3.12) d(γs1 , γs2) = (s2 − s1)d(γ0, γ1).
It follows that γ ∈ Γ, and consequently Π is the law of a random ray.
For 0 ≤ t1 < t2, denote pi
j′
t1,t2 = (et1 , et2)#Π
j′ , pit1,t2 = (et1 , et2)#Π , then
pij
′
t1,t2 ⇒ pit1,t2 . By the lower semicontinuity of the map pi 7→
∫
dpdpi,
W pp (µt1 , µt2) ≤
∫
X×X
dp(x, y)dpit1,t2
≤ lim inf
j′→∞
∫
X×X
dp(x, y)dpij
′
t1,t2
= W pp (µt1 , µt2),
which means pit1,t2 is an optimal coupling. 
4. Existence of co-rays in the Wasserstein space
In the conventional case, co-rays play a central role in the study of Busemann
functions [10]. This notion also make sense in the present case. The existence of
co-rays in the Wasserstein space will be proved in this section.
Definition 4.1 (Co-ray). Let (µt)t≥0 be a unit-speed ray in Pp(X ). We say another
ray (νt)t≥0 is a co-ray from ν0 to (µt)t≥0, if there exist:
• {tn} ⊂ R+ tends to infinity,
• {νn0 } ⊂ Pp(X ) with Wp(ν
n
0 , ν0)→ 0,
• for n ∈ N, (νnt )0≤t≤Ln ∈ T (ν
n
0 , µtn) where Ln =Wp(ν
n
0 , µtn)
such that lim
n→∞
Wp(ν
n
t , νt) = 0 for every t ≥ 0.
The gluing lemma (see e.g. [2, Lemma 5.3.2]) is often used in optimal transport
to connect two couplings. However this instrument can not meet our demand while
two random curves get involved, so we cite a theorem here in order to obtain another
version of gluing lemma.
Theorem 4.2 ([1, Theorem A.1]). Let J be an arbitrary index set. For each j ∈ J ,
let Sj , Tj be Polish spaces, S =
∏
j∈J
Sj , T =
∏
j∈J
Tj. Also, let pj : S → Sj , qj : T →
Tj be canonical projections, φj : Sj → Tj be a measurable map. If µj is a probability
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measure on Sj and λ is a probability measure on T such that (φj)#µj = (qj)#λ,
∀j ∈ J . Then there exists a probability measure σ on S such that:
(i) pjσ = µj, for all j ∈ J ;
(ii) ((φj ◦ pj)j∈J )#σ = λ.
The modified gluing lemma allow us to glue a random curve and a coupling
together.
Lemma 4.3. Let Y be a Polish space, α ∈ P (C([0, T ];X )), β ∈ P (X × Y) and pii
be the natural projection onto the i-th coordinate, i = 1, 2. If (eT )#α = (pi
1)#β,
then there exists a δ ∈ P (C([0, T ];X )× Y) such that
(pi1)#δ = α, (eTpi
1, pi2)#δ = β.
Proof. Let S1 = C([0, T ];X ), T1 = X , φ1 = eT ; S2 = Y = T2, φ2 = IdY ; µ1 =
α, µ2 = (pi
2)#β = (q2)#β, λ = β. Then
(φ1)#µ1 = (eT )#α = (pi
1)#β = (q1)#β;
(φ1)#µ2 = (IdY)#((q2)#β) = (q2)#β.
Applying Theorem 4.2 for J = {1, 2}, there exists a probability measure δ on
S1 × S2 = C([0, T ];X )× Y such that
(pi1)#δ = (p1)#δ = µ1 = α,
(eTpi
1, pi2)#δ = (φ1 ◦ p1, φ1 ◦ p2)# = λ = β.

Theorem 4.4. Let (µt)t≥0 be a unit-speed ray in Pp(X ), p > 1. Given an arbitrary
ν0 ∈ Pp(X ), for any:
• {tn} increasing to infinity,
• {νn0 } ⊂ Pp(X ) with Wp(ν
n, ν0)→ 0,
• (νnt )0≤t≤Ln ∈ T (ν
n
0 , µtn), n ∈ N where Ln =Wp(ν
n
0 , µtn),
there exists a subsequence of {(νnt )0≤t≤Ln} which converges to a co-ray from ν0 to
(µt)t≥0.
Proof. Let Λn be a lifting of (νnt )0≤t≤Ln . By Theorem 3.4, there exists a subse-
quence of {Λn}, still denoted by the same notation, which converges weakly to a
probability measure Λ on C(X ). Then for arbitrary fixed τ ≥ 0,
νnτ = (eτ )#Λ
n ⇒ (eτ )#Λ := ντ .
To show that Wp(ν
n
τ , ντ )→ 0 as n→∞, by Theorem 2.4, it remains to prove that
(4.1) lim
R→∞
lim sup
n→∞
∫
d(x0,z)≥R
d(x0, z)
pdνnτ (z) = 0.
By Proposition 2.5, for each n, there exists αn ∈ P (C([0, Ln];X )) satisfying
(et)#α
n = νnt for t ∈ [0, Ln].
By Corollary 3.5, there is a random ray (ηt)t≥0 such that (η0, ηt) are optimal cou-
plings and µt = law(ηt) for any t ≥ 0. We write β for the distribution of η. For each
n, let βn = (e0, etn)#β, then it is an optimal coupling of (µ0, µtn). By Lemma 4.3,
we can construct a sequence of probability measures {Πn} ⊂ P (C([0, Ln];X )×X )
satisfying
(4.2) (pi1)#Π
n = αn, (eLnpi
1, pi2)#Π
n = βn.
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By the triangle inequality,
|Ln − tn| = |Wp(ν
n
0 , µtn)−Wp(µ0, µtn)|
≤ Wp(ν
n
0 , µ0)
≤ Wp(ν
n
0 , ν0) +Wp(ν0, µ0).
Then
(4.3) lim
n→∞
tn
Ln
= 1.
There exists an N such that Ln > τ for all n > N . In this case, for Π
n-a.e.
(γn, y) ∈ C([0, Ln];X )×X , by the triangle inequality,
d(x0, γ
n
τ ) ≤ d(x0, γ
n
0 ) + d(γ
n
0 , γ
n
τ )
= d(x0, γ
n
0 ) + τ/Lnd(γ
n
0 , γ
n
Ln)
≤ d(x0, γ
n
0 ) + τ/Ln[d(x0, γ
n
0 ) + d(x0, y) + d(y, γ
n
Ln)]
=
(
1 +
τ
Ln
)
d(x0, γ
n
0 ) +
τ
Ln
d(x0, y) +
τ
Ln
d(y, γnLn).
The first equality follows from that each γn is a random geodesic.
✲r
y ηt
r
γn
Ln
r
γn0
r γnt
rx0
Applying Jensen’s inequality we have∫
d(x0,z)≥R
dp(x0, z)dν
n
τ (z)
=
∫
d(x0,γnτ )≥R
dp(x0, γ
n
τ )dΠ
n(γn, y)
≤ 3p
(
τ
Ln
+ 1
)p ∫
d(x0,γnτ )≥R
dp(x0, γ
n
0 )dΠ
n(γn, y)
+
(
3τ
Ln
)p ∫
d(x0,γnτ )≥R
dp(x0, y)dΠ
n(γn, y)
+
(
3τ
Ln
)p ∫
d(x0,γnτ )≥R
dp(y, γnLn)dΠ
n(γn, y)
≤ 3p
(
τ
Ln
+ 1
)p ∫
d(x0,γnτ )≥R
dp(x0, γ
n
0 )dΠ
n(γn, y)
+
(
3τ
Ln
)p
W pp (δx0 , µ0) +
(
3τ
Ln
)p ∫
d(x0,γnτ )≥R
dp(y, γnLn)dΠ
n(γn, y)
:= 3p
(
1 +
τ
Ln
)p
I1 +
(
3τ
Ln
)p
W pp (δx0 , µ0) +
(
3τ
Ln
)p
I2.
10 GUOMIN ZHU, WEN-LONG LI, AND XIAOJUN CUI
We will consider the three terms above respectively.
(i) Let M = sup
n
{ τLn }. For arbitrary ε > 0, since Wp(ν
n
0 , ν0) → 0, by Theorem
2.4 there exists an R1 such that
(4.4) lim sup
n→∞
∫
d(x0,z)≥R1
dp(x0, z)dν
n
0 (z) <
ε
4 · 3p(1 +M)p
.
We can further find an R2 > R1 such that when R > R2,
(4.5)
(
R1τ
R−R1
)p
<
ε
4 · 3p(1 +M)p
.
In this case we estimate I1 as following:
I1 =
∫
d(x0,γnτ )≥R
dp(x0, γ
n
0 )dΠ
n(γn, y)
=
∫
d(x0,γn0 )≥R1, d(x0,γ
n
τ )≥R
dp(x0, γ
n
0 )dΠ
n(γn, y)
+
∫
d(x0,γn0 )<R1, d(x0,γ
n
τ )≥R
dp(x0, γ
n
0 )dΠ
n(γn, y)
≤
∫
d(x0,γn0 )≥R1
dp(x0, γ
n
0 )dΠ
n(γn, y) +Rp1 · α
n{γn| d(γn0 , γ
n
τ ) > R−R1}
≤
∫
d(x0,z)≥R1
dp(x0, z)dν
n
0 (z) +
(
R1τ
R−R1
)p
.
The last inequality is obtained from Lemma 3.3. Consequently,
(4.6) lim sup
n→∞
3p
(
1 +
τ
Ln
)p
I1 ≤ lim sup
n→∞
3p
(
1 +
τ
Ln
)p
ε
2 · 3p(1 +M)p
<
ε
2
.
(ii) Since Wp(µ0, µ1) = 1, there exists an R3 such that
(4.7)
∫
d(η0,η1)≥R3
dp(η0, η1)dβ(η) <
ε
6 · (3τ)p
.
From the construction of Πn, we have∫
d(y,γn
Ln
)≥tnR3
dp(y, γnLn)dΠ
n(γn, y)
=
∫
d(η0,ηtn )≥tnR3
dp(η0, ηtn)dβ
n(η0, ηtn)
= tpn
∫
d(η0,η1)≥R3
dp(η0, η1)dβ(η).
Due to the tightness of {νn0 }, there is an R4 > R3 with
(4.8) νn0 {z| d(x0, z) ≥ R4} <
ε
6 · (3τR3)p
for all n > N.
Applying the inequality (3.4) again, we can obtain another R5 > R4 such that when
R > R5,
(4.9) αn{γn| d(γn0 , γ
n
τ ) > R−R4} <
ε
6 · (3τR3)p
for all n > N.
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In this case,
I2 =
∫
d(x0,γnτ )≥R
dp(y, γnLn)dΠ
n(γn, y)
=
∫
d(x0,γnτ )≥R, d(y,γ
n
Ln
)≥tnR3
dp(y, γnLn)dΠ
n(γn, y)
+
∫
d(x0,γnτ )≥R, d(y,γ
n
Ln
)<tnR3, d(x0,γn0 )≥R4
dp(y, γnLn)dΠ
n(γn, y)
+
∫
d(x0,γnτ )≥R, d(y,γ
n
Ln
)<tnR3, d(x0,γn0 )<R4
dp(y, γnLn)dΠ
n(γn, y)
≤
∫
d(y,γn
Ln
)≥tnR3
dp(y, γnLn)dΠ
n(γn, y)
+(tnR3)
pΠn{(γn, y)| d(x0, γ
n
0 ) ≥ R4}
+(tnR3)
pΠn{(γn, y)| d(γn0 , γ
n
τ ) > R−R4}
= tpn
∫
d(η0,η1)≥R3
dp(η0, η1)dβ(η)
+(tnR3)
pνn0 {z| d(x0, z) ≥ R4}
+(tnR3)
pαn{γn| d(γn0 , γ
n
τ ) > R−R4}.
Combining this inequality with (4.7), (4.8), (4.9) and (4.3), we have
(4.10) lim sup
n→∞
(
3τ
Ln
)p
I2 ≤
ε
2
.
(iii) Notice that lim
n→∞
( 3τLn )
pW pp (δx0 , µ0) = 0. We obtain
(4.11) lim sup
n→∞
∫
d(x0,z)≥R
dp(x0, z)dν
n
τ (z) < ε when R > max{R2, R5}.
We conclude from (4.1) that lim
n→∞
Wp(ν
n
t , νt) = 0 for arbitrary t ≥ 0, thus νt ∈
Pp(X ). Moreover, for t, s ≥ 0,
Wp(νt, νs) = lim
n→∞
Wp(ν
n
t , ν
n
s ) = |t− s|,
which means (νt)t≥0 is also a unit-speed ray in Pp(X ). Therefore it is a co-ray from
ν0 to (µt)t≥0. 
The first part of Theorem 1.2 follows directly from Theorem 4.4.
A complete and locally compact length space, by the Hopf-Rinow Theorem (see
[9, Theorem 2.5.28]), is boundedly compact i.e., every closed metric ball is compact.
Then each point in X is the origin of some unit-speed rays, which is due to [20,
Proposition 10.1.1]. It is easily seen that the mapping x 7→ δx is an isometric
embedding from X to Pp(X ). Let γ be a unit-speed ray in X and µt = δγt , then
(µt)t≥0 is a unit-speed ray in Pp(X ) accordingly. Notice that for each ν0 ∈ Pp(X ),
co-rays from ν0 to (µt)t≥0 are some of the unit-speed rays with the origin ν0, thus
Theorem 1.1 holds.
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5. Busemann functions on the Wasserstein space
Definition 5.1. Let (µt)t≥0 be a unit-speed ray in Pp(X ). The Busemann function
associated with (µt)t≥0 is defined by
(5.1) bµ(ν) = lim
t→+∞
[Wp(ν, µt)− t].
Remark 5.2. To show that the limit in (5.1) exists and is finite, by triangle inequal-
ity,
Wp(ν, µ0) ≥Wp(µ0, µt)−Wp(ν, µt) = t−Wp(ν, µt).
For 0 ≤ t1 ≤ t2,
[t2 −Wp(ν, µt2)]− [t1 −Wp(ν, µt1)] = Wp(µt2 , µt1) +Wp(ν, µt2)−Wp(ν, µt1) ≥ 0.
Thereby t−Wp(ν, µt) is bounded and non-decreasing with respect to t.
Remark 5.3. bµ is a Lipschitz function since
(5.2) |bµ(ν
2)− bµ(ν
1)| = lim
t→∞
|Wp(ν
2, µt)−Wp(ν
1, µt)| ≤Wp(ν
1, ν2).
Busemann functions have the following fundamental properties. For the conven-
tional case, we refer to [21].
Proposition 5.4. Let (µt)t≥0 be a unit-speed ray in Pp(X ). If (νt)t≥0 is a co-ray
from ν0 to (µt)t≥0, then
(i) bµ(νt1)− bµ(νt2) = t2 − t1, for any t1, t2 ≥ 0;
(ii) bµ(λ) ≤ bν(λ) + bµ(ν0), for each λ ∈ Pp(X ).
Proof. (i) Assume the geodesic sequence (νnt )0≤t≤Ln ∈ T (ν
n
0 , µtn) converges to
(νt)t≥0 as n → ∞. Let 0 ≤ t1 ≤ t2, for any n > t2 we have Wp(ν
n
0 , µtn) =
Wp(ν
n
0 , ν
n
ti) +Wp(ν
n
ti , µtn), i = 1, 2. Then
|Wp(νt1 , µtn)−Wp(νt2 , µtn)− (t2 − t1)|
= |Wp(νt1 , µtn)−Wp(νt2 , µtn)− [Wp(ν
n
t1 , µtn)−Wp(ν
n
t2 , µtn)]|
≤ Wp(ν
n
t1 , νt1) +Wp(ν
n
t2 , νt2)→ 0.
(ii) For s, t ≥ 0, by the triangle inequality,
Wp(λ, µs)− s ≤ Wp(λ, νt) +Wp(νt, µs)− s
= [Wp(λ, νt)− t] + [Wp(νt, µs)− s] + t.
Letting s→ +∞ and applying (i) we have
bµ(λ) ≤ [Wp(λ, νt)− t] + [bµ(νt) + t]
= [Wp(λ, νt)− t] + bµ(ν0)
Let t→ +∞, then the inequality follows. 
For p > 1, X is non-branching if and only if Pp(X ) is non-branching (see [24,
Corollary 7.32]). Based on this fact, we have the following lemma.
Lemma 5.5. Assume X is non-branching. Let (µt)t≥0 be a unit-speed ray in
Pp(X ). If there is another unit-speed ray (νt)t≥0 satisfying
(5.3) bµ(νt)− bµ(νs) = s− t, for any s, t ≥ 0,
then for any τ > 0, the subray (νt+τ )t≥0 is the unique co-ray from ντ to (µt)t≥0.
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Proof. For τ > 0, assume (ν˜t)t≥0 is a co-ray from ντ to (νt)t≥0. Let
(5.4) ν′t =
{
νt, 0 ≤ t ≤ τ,
ν˜t−τ , t ≥ τ.
We claim that (ν′t)t≥0 is a ray. Since (νt)t≥0 and (ν˜t)t≥0 are unit-speed rays, it is
obvious for s, t ≤ τ or s, t ≥ τ that
Wp(ν
′
s, ν
′
t) = |s− t|.
For s < τ < t, by triangle inequality and the definition of rays,
Wp(ν
′
s, ν
′
t) ≤ Wp(ν
′
s, ν
′
τ ) +Wp(ν
′
τ , ν
′
t)
= Wp(νs, ντ ) +Wp(ν˜0, ν˜t−τ )
= (τ − s) + (t− τ)
= t− s.
On the other hand, by (5.3) and Proposition 5.4,
t− s = (τ − s) + (t− τ)
= [bµ(νs)− bµ(ντ )] + [bµ(ν˜0)− bµ(ν˜t−τ )]
= [bµ(ν
′
s)− bµ(ν
′
τ )] + [bµ(ν
′
τ )− bµ(ν
′
t)]
= bµ(ν
′
s)− bµ(ν
′
t)
≤ Wp(ν
′
s, ν
′
t).
Here the last inequality follows from (5.2). This proves our claim. Since Pp(X ) is
non-branching, the ray (ν′t)t≥0 coincides with (νt)t≥0. 
Notice that (5.3) holds for every co-ray. Lemma 5.5 shows the second conclusion
of Theorem 1.2.
Theorem 5.6. Assume X is non-branching. Let (µt)t≥0 and (νt)t≥0 be two unit-
speed rays in Pp(X ). If there exists a sequence {tn} tending to 0 such that (νt+tn)t≥0
is the unique co-ray from νtn to (µt)t≥0, then (νt)t≥0 is a co-ray from ν0 to (µt)t≥0.
Proof. Extract a decreasing subsequence of {tn}, denote by {tn′}, such that tn′ ≤
2−n
′
. Let τ ≥ 1 be a constant. For each n′, by Lemma 5.5, (νt+tn′ )t≥0 is the
unique co-ray from νtn′ to (µt)t≥0. Then there exist sn′ > max{τ, n
′} and geodesic
(νn
′
t )0≤t≤Ln′ ∈ T (νtn′ , µsn′ ) such that Wp(ν
n′
τ , ντ+tn′ ) < 2
−n′ , which gives
(5.5) Wp(ν
n′
τ , ντ ) < 2
−n′+1
where Ln′ = Wp(νtn′ , µsn′ ).
By Theorem 4.4, there exists a subsequence {(νn
′′
t )0≤t≤Ln′′ } converging to a
co-ray (λt)t≥0 from ν0 to (µt)t≥0. It suffices to show that (λt)t≥0 coincides with
(νt)t≥0. We can see from (5.5) that λτ = ντ . Let ν˜
n′′
t = ν
n′′
t+τ , then (ν˜
n′′
t )0≤t≤Ln′′−τ
converges to the co-ray (λt+τ )t≥0. By Lemma 5.5, λt = νt for every t ≥ τ . Thus
the conclusion follows from that Pp(X ) is non-branching. 
Combining Proposition 5.4, Lemma 5.5 and Theorem 5.6, we obtain Theorem
1.3.
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Definition 5.7. Let (Y, d) be a metric space. The set
V(Y) =
{
u : Y → R
∣∣∣∣ for any y ∈ Y, u(y) = minz∈Y\{y}{d(y, z) + u(z)}
}
is said to be the metric viscosity class of Y.
For u ∈ V we mean that:
• for any x and y, u(x) ≤ d(x, y) + u(y);
• for any x, there exists y 6= x such that u(x) = d(x, y) + u(y).
On a non-compact complete Riemannian manifold (M, g), u is a viscosity solution
to the Eikonal equation |∇u|g = 1 if and only if u ∈ V(M) (see for instance
[13, 15]). Besides, Busemann functions on (M, g) are viscosity solutions to the
Eikonal equation (see e.g. [14]). Unfortunately, for Pp(X ) with p 6= 2, viscosity
solutions can not be defined as usual because lack of proper differential structure.
These facts motivate us to consider such a set for Pp(X ).
Theorem 5.8. If (µt)t≥0 is a unit-speed ray in Pp(X ), then bµ ∈ V(Pp(X )).
Proof. For any ν0, λ ∈ Pp(X ), from (5.2) we have bµ(ν0) ≤ Wp(ν0, λ) + bµ(λ). By
Theorem 4.4, there exists a co-ray (νt)t≥0 from ν0 to (µt)t≥0. Thus by Proposition
5.4,
bµ(ν0) = t+ bµ(νt)
= Wp(ν0, νt) + bµ(νt)
= min
λ∈Pp(X )\{ν0}
Wp(ν0, λ) + bµ(λ).

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